Synthetic nonconservative systems with parity-time (PT) symmetric gain-loss structures can exhibit unusual spontaneous symmetry breaking that accompanies spectral singularity. Recent studies on PT symmetry in optics and weakly interacting open quantum systems have revealed intriguing physical properties, yet many-body correlations still play no role. Here by extending the idea of PT symmetry to strongly correlated many-body systems, we report that a combination of spectral singularity and quantum criticality yields an exotic universality class which has no counterpart in known critical phenomena. Moreover, we find unconventional low-dimensional quantum criticality, where superfluid correlation is anomalously enhanced owing to non-monotonic renormalization group flows in a PT-symmetry-broken quantum critical phase, in stark contrast to the Berezinskii-Kosterlitz-Thouless paradigm. Our findings can be experimentally tested in ultracold atoms and predict critical phenomena beyond the Hermitian paradigm of quantum many-body physics.
Synthetic nonconservative systems with parity-time (PT) symmetric gain-loss structures can exhibit unusual spontaneous symmetry breaking that accompanies spectral singularity. Recent studies on PT symmetry in optics and weakly interacting open quantum systems have revealed intriguing physical properties, yet many-body correlations still play no role. Here by extending the idea of PT symmetry to strongly correlated many-body systems, we report that a combination of spectral singularity and quantum criticality yields an exotic universality class which has no counterpart in known critical phenomena. Moreover, we find unconventional low-dimensional quantum criticality, where superfluid correlation is anomalously enhanced owing to non-monotonic renormalization group flows in a PT-symmetry-broken quantum critical phase, in stark contrast to the Berezinskii-Kosterlitz-Thouless paradigm. Our findings can be experimentally tested in ultracold atoms and predict critical phenomena beyond the Hermitian paradigm of quantum many-body physics.
Studies of phase transitions and critical behaviour in nonHermitian systems date back to the discovery of the Lee-Yang edge singularity [1] , where an imaginary magnetic field in the high-temperature Ising model was demonstrated to trigger an exotic phase transition. More recently, the real-tocomplex spectral phase transition has been found in a broad class of non-Hermitian Hamiltonians that satisfy parity-time (PT) symmetry [2] . While such systems were once of purely academic interest, related questions are now within experimental reach [3] [4] [5] [6] [7] .
A HamiltonianĤ is said to be PT-symmetric if it commutes with the combined operatorPT , but not necessarily withP andT separately. HereP andT are the parity and timereversal operators, respectively. The PT symmetry is said to be unbroken if every eigenstate ofĤ is PT-symmetric; then, the entire spectrum is real even thoughĤ is not Hermitian. The PT symmetry is said to be spontaneously broken if some eigenstates ofĤ are not the eigenstates of the PT operator even though [Ĥ,PT ] = 0; then, some pairs of eigenvalues ofĤ become complex conjugate to each other. The PT symmetry breaking is typically accompanied by the coalescence of eigenstates and that of the corresponding eigenvalues at an exceptional point [8] in the discrete spectrum or the spectral singularity [9] in the continuum spectrum. While these features also hold for a certain class of antilinear symmetries [10] , PT symmetry allows experimental implementations by spatial engineering of gain-loss structures, leading to a rich interplay between theory and experiment in optics [4] [5] [6] [7] 11] , superconductors [12] , atomic physics [13] , and optomechanics [14] . In particular, the real-to-complex spectral transition (PT transition) has been observed in experiments of classical systems [15] . In all these developments, however, many-body correlations still play no role.
Quantum critical phenomena, in contrast, arise from collective behaviour of strongly correlated systems and exhibit universal long-distance properties. In view of recent developments in designing open many-body systems in ultracold atoms [16] [17] [18] [19] [20] and exciton-polariton condensates [21] , it seems ripe to explore the role of PT symmetry in quantum critical phenomena and ask whether or not the concept of the universality need be extended in synthetic nonconservative systems.
Here we report that a combination of spectral singularity and quantum criticality yields an exotic critical point in the extended parameter space and that, in the PT-broken phase, a local gain-loss structure results in an anomalous enhancement of superfluid correlation owing to semicircular renormalization group (RG) flows. This contrasts sharply with the suppression of superfluid correlation due to hyperbolic RG flows in the Berezinskii-Kosterlitz-Thouless (BKT) paradigm. Our findings demonstrate that the interplay between many-body correlations and PT symmetry leads to the emergence of quantum critical phenomena beyond the Hermitian paradigm of quantum many-body physics.
Results
Parity-time-symmetric sine-Gordon model. We consider a class of one-dimensional (1D) quantum systems described by the field-theory Hamiltonian
whereφ is a scalar field, ∂ xθ is its conjugate momentum satisfying [φ(x), ∂ xθ (x )] = −iπδ(x − x ), and V (φ) is a potential for the fieldφ. Without the potential term, equation (1) is known as the Tomonaga-Luttinger liquid (TLL) Hamiltonian, which gives a universal framework for describing 1D-interacting bosons and fermions [22] . Here, v is the sound velocity, the TLL parameter K characterizes the interaction strength, ∂ xφ andθ are related to the density and the Josephson phase, respectively. The introduction of the cosine potential V (φ) ∝ cos(2φ) results in the sine-Gordon model, which describes the BKT transition to a gapped phase. For bosons on a lattice, this corresponds to a superfluid-to-Mott-insulator (MI) transition [23] . Here we consider a generalization to the PT-symmetric case by adding an imaginary contribution to the potential term as follows:
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where α r and α i characterize the strengths of the real and imaginary parts of the potential. When the real part becomes relevant, it suppresses the fluctuations ofφ, stabilizing a noncritical, gapped phase. In contrast, if the imaginary part is relevant, it facilitates the fluctuations ofφ and enhances correlation in the conjugate fieldθ, as we will see later. The field theory (1) with the potential (2) satisfies PT symmetry since the fieldφ has odd parity. The PT-symmetric HamiltonianĤ can be implemented by a continuously monitored 1D-interacting ultracold atoms (see Supplementary Note 1 and Supplementary Figure 1 ). We note that if α r > α i ,Ĥ has a real spectrum and thus PT symmetry is unbroken. This can be proved by the theorem [24] which states that the spectrum is real if and only if there exists an operatorÔ satisfyingÔ −1ĤÔ =Ĥ 0 , whereĤ 0 is a Hermitian operator. Indeed, we can explicitly construct such an operator for α r > α i by the choice ofÔ = e −ηθ0/2 , whereθ 0 is a constant part ofθ and η ≡ arctanh(α i /α r ). Then, the potential term in the effective field theory is transformed to ( α 2 r − α 2 i /π) dx cos(2φ) andĤ reduces to the sine-Gordon Hamiltonian [25] . Divergence of η at α r = α i signals spontaneous breaking of PT symmetry.
Renormalization group analysis. To unravel the universal critical behaviour of the PT-symmetric HamiltonianĤ, we perform an RG analysis [26] to obtain the following set of flow equations which are valid up to the third order in g r,i :
Here l is the logarithmic RG scale and g r,i ≡ α r,i a 2 /( v) are the dimensionless coupling constants with a being a shortdistance cutoff. The velocity v stays constant to all orders in g r,i because of the Lorentz invariance of the theory. In contrast to the two-dimensional phase diagram of the conventional sine-Gordon model, the PT-symmetric system has the three-dimensional phase diagram (Fig. 1a) . When PT symmetry is unbroken, i.e., g i < g r , the spectrum is equivalent to that of the closed system as discussed above and the conventional RG flow diagram with hyperbolic flows is reproduced (Fig. 1b) . Here the BKT boundary between the superfluid TLL phase and the MI phase extends over the curved surface. We note that the operatorÔ does not affect the critical properties of the ground state since it only modifies the zero modes associated with the fieldφ. Since the non-Hermitian term can arise from the measurement backaction, the quantum phase transition induced by increasing g i may be regarded as measurement-induced.
In the strongly correlated regime K < 2, a new type of quantum phase transition appears on the PT threshold plane g i = g r . This phase transition is accompanied by spontaneous breaking of the PT symmetry in eigenstates, contrary to the ordinary BKT transition exhibiting no symmetry breaking. The BKT and PT phase boundaries merge on the line defined by K = 2 and g i = g r (Fig. 1c) . In general, at the PT symmetry breaking point, the spectral singularity [9] arises where two or more eigenvalues as well as their eigenstates coalesce in the continuum spectrum. In optics, the spectral singularity leads to unidirectional wave phenomena [5] . In contrast, in manybody systems, the coexistence of the spectral singularity and the quantum criticality at g i = g r and K = 2 results in what we term a spectral singular critical point (SSCP), which represents a unique universality class in nonconservative systems.
When the PT symmetry is broken, i.e., g i > g r , unconven- is a total magnetization. The energy difference δE between the two coalescing levels (e.g., red and green) obeys the square-root scaling (inset) and closes at the PT-symmetry breaking point. The BKT transition point corresponds to a crossing of appropriate levels (red and blue). We set the parameter hs = 0.1 for both (a) and (b). In (a), the plotted data are obtained through extrapolation to the thermodynamic limit, while the data in (b) are obtained for N = 16 and −∆ = 0.735. The plotted variables are dimensionless since we set J = 1.
tional RG flows emerge: starting from the K < 2 side, g r,i and K initially increase, and after entering the K > 2 side, the flow winds and converges to the fixed line with g r,i = 0 (Fig. 1d) . Physically, this significant increase in the TLL parameter K indicates that the superfluid correlation decays more slowly and is thus enhanced by the non-Hermiticity of an imaginary potential. The enhancement is viewed as anomalous because, in the conventional BKT paradigm, a real potential suppresses the fluctuation ofφ and stabilizes the gapped MI phase for K < 2. Moreover, owing to the semicircular RG flows, the imaginary potential allows for a substantial increase of the TLL parameter K even if its strength g i is initially very small. The PT-broken phase exhibits other observable consequences such as anomalous lasing and absorption as observed in optics [27] (see Supplementary Note 2 for the experimental implementation in ultracold atoms).
Ground-state phase diagram of the lattice model. To numerically demonstrate these findings, we introduce a lattice Hamiltonian
whose low-energy behaviour is described by the PTsymmetric effective field theoryĤ. HereŜ
are the spin-1/2 operators at site m and the parameters (−∆, h s , γ) are related to (K, g r , g i ) in the field theory, where we set J = 1. The non-Hermitian term represents a periodic gain-loss structure and effectively strengthens the amplitude of the hopping term, leading to enhanced superfluid correlation. The determined phase diagram and a typical exact finite-size spectrum are shown in Fig. 2 . The BKT transition is identified as a crossing point of appropriate energy levels [28] and the PT threshold is determined as a coalescence point in low-energy levels, as detailed in Methods and Supplementary Methods. The coalescence point is found to be an exceptional point from the characteristic square-root scaling [8] of the energy gap (see the inset figure in Fig. 2b ). We note that, above the PT threshold, some highly excited states turn out to have positive imaginary parts of eigenvalues and cause the instability in the long-time limit. The presence of such high-energy unstable modes is reminiscent of parametric instabilities in exciton-polariton systems [29] , and can ultimately destroy the one-dimensional coherence [30] . In our setup, where the imaginary term is adiabatically ramped up, the amplitudes of these unstable modes can greatly be suppressed and the system can remain, with almost unit fidelity, in the ground state in which the critical behaviour is sustained (see Supplementary Note 3 and Supplementary Figures 2 and 3 
for details).
Numerical demonstration of enhanced superfluid correlation. To demonstrate the anomalous enhancement of superfluid correlation in the PT-broken regime, we have performed numerical simulations using the infinite time-evolving block decimation (iTEBD) algorithm [31] . The correlation function exhibits the critical decay with a varying critical exponent and the corresponding TLL parameter significantly increases, surpassing K = 2 as shown in Fig. 3 . Physically, this enhancement of superfluid correlation at long distances can be interpreted as follows. A local gain-loss structure introduced by the imaginary term causes locally equilibrated flows [15] in the ground state. This results in the enhancement of fluctuations in the density, or equivalently, the suppression of fluctuations in the conjugate phase. It is this effect that increases the superfluid correlation. The numerical results are consistent with the analytical arguments given above, and demonstrate that the RG analysis is instrumental in studying critical properties of a non-Hermitian many-body system.
Experimental realization in a one-dimensional Bose gas. The PT-symmetric many-body HamiltonianĤ discussed above can be implemented in a 1D-interacting ultracold bosonic atoms subject to a shallow PT-symmetric optical lattice 1/(2K) . The exponent is extracted by the linear fitting of the correlation function in the log-log plot around the distance r. The parameters are set to be −∆ = 0.61, hs = 0.1, and γ = 0.08, and χ denotes the dimension of the matrix product state that controls the accuracy of the iTEBD simulation.
V (x) remains invariant under simultaneous parity operation (x → −x) and time reversal (i.e., complex conjugation), the system satisfies the condition of PT symmetry (Fig. 4a) . In open quantum systems, by postselecting null measurement outcomes, the time evolution is governed by an effective nonHermitian Hamiltonian [32] [33] [34] . The achieved experimental fidelity has already been high enough to allow experimenters to implement various types of postselections [35] [36] [37] . The low-energy behaviour of this system is then described by the PT-symmetric effective field theoryĤ. We note that the lattice Hamiltonian (4) can also be realized in ultracold atoms by superimposing a deep lattice that does not influence the universal critical behaviour (see Fig. 4b ).
We stress that the dynamics considered here is different from the one described by a master equation, where dissipative processes, in general, tend to destroy correlations underlying quantum critical phenomena. In contrast, the postselections allow us to study the system free from the dissipative jump processes, while non-trivial effects due to measurement backaction still occur via the non-Hermitian contributions in the effective Hamiltonian.
Discussion The reported fixed points in the extended parameter space suggest that an interplay between spectral singularity and quantum criticality results in an exotic universality class beyond the conventional paradigm. It remains an open question how the universality accompanying spectral singularity found in this work is related to non-unitary conformal field theories (CFT) studied in various fields ranging from statistical mechanics [38] to high-energy physics [39] . It is particularly notable that a certain critical point of the integrable spin chain with PT-symmetric boundary fields corresponds to an exceptional point and is believed to be described by non-unitary CFT [40] . This suggests an intimate connection between the SSCP and the non-unitary CFT. Given recent success in measuring entanglement entropy in ultracold atoms [37] , it is of interest to study how quantum entanglement behaves in the presence of spectral singularity. In the PT-broken phase, we have shown that the ground state exhibits the enhanced superfluid correlation indicating the tighter binding of the topological excitations, in stark contrast to their proliferation as found in the BKT paradigm. In Hermitian systems, a relevant perturbation around RG fixed points has a tendency to suppress fluctuations of the concerned field and stabilize a non-critical, gapped phase. Our finding indicates that a relevant imaginary perturbation can realize the opposite situation of enhancing fluctuations of the concerned field and facilitating correlation in the conjugate field. An exploration of such unconventional quantum criticality in other synthetic, nonconservative many-body systems presents an interesting challenge. Further studies in these directions, together with their possible experimental realizations, could widen applications to future quantum metamaterials.
Methods
Details of numerical calculations. The phase diagram in Fig. 2a is determined from the exact diagonalization analysis of the lattice Hamiltonian (4). To identify the BKT transition point, we calculate the exact finite-size spectrum and find a crossing of low-energy levels having appropriate quantum numbers [28] . The PT transition point is identified as the first coalescence point in the low-energy spectrum with increasing γ. The calculations are done for different system sizes and the final results are obtained through extrapolation of the data to the thermodynamic limit. Further details are given in Supplementary Methods and Supplementary Figure 4 . The correlation function and the associated variation of the TLL parameter K shown in Fig. 3 are calculated by applying the iTEBD algorithm [31] . We emphasize that this method can be applied to study the ground-state properties of the non-Hermitian system. The method can accurately calculate the imaginary-time evolution exp(−Ĥτ )|Ψ 0 / exp(−Ĥτ )|Ψ 0 for an infinite system size, where τ is an imaginary time, |Ψ 0 is an initial state and · denotes the norm of the state. In the limit of large τ , we obtain the quantum state, the real part of which eigenvalue is the lowest in the entire spectrum, i.e., an effective ground state of a non-Hermitian system. We note that the imaginary part of the eigenvalue does not affect the calculation since it only changes the overall phase of the wavefunction in the imaginary-time evolution. We then determine the TLL parameter K from the calculated correlation function by using the relation
Derivation of the low-energy field theory of ultracold atoms. Here we explain the derivation of the low-energy effective field theory (1) of ultracold atoms. We start from the Hamiltonian in which the periodic potential V r cos(2πx/d) is added to the Lieb-Liniger model [41] . Then, we introduce an imaginary optical lattice potential by using a weak near-resonant standing-wave light. This scheme is possible if the excited state |e of an atom has decay modes other than the initial ground state |g and its decay rate is faster than the spontaneous decay rate from |e to |g and the Rabi frequency [42] [43] [44] (Fig. 4a) . Such a condition can be satisfied by, e.g., using appropriate atomic levels [45] or light-induced transitions [16] . The difference between the wavelengths of the real and imaginary periodic potentials caused by different detunings of the lasers can be negligible. Using the second-order perturbation theory [8] for the Rabi coupling and adiabatically eliminating the excited state, we obtain an effective time-evolution equation for the ground-state atoms. We then assume that null measurement outcomes are postselected so that the dynamics is described by the non-Hermitian Hamiltonian [32] [33] [34] . In this situation, the overall imaginary constant in the eigenvalue spectrum does not affect the dynamics since it can be eliminated when we normalize the quantum state, leading to the imaginary potential iV i sin(2πx/d). Finally, we follow the standard procedure [22] of taking the low-energy limit of the model and arrive at the Hamiltonian (1). The details of the calculations and experimental accessibility in ultracold atoms are described in Supplementary Note 1 and 2.
Supplementary Materials
Supplementary Note 1 -Parity-time symmetric effective Hamiltonian in ultracold atoms Here we describe in detail how a parity-time (PT) symmetric field theory described by equation (1) in the main text can be implemented by using ultracold atoms. We consider a situation in which atoms in the system have an energy level diagram shown in Supplementary Fig. S1 . Here the excited state |e has the frequency ω 0 relative to the ground state |g and fast decay channels to other states with the total decay rate Γ much larger than the spontaneous emission rate from |e to |g . The system is subject to a weak near-resonant light whose electric filed is given by E(x, t) = 2E 0 (x) cos(ω L t). The dynamics of atoms in the levels {|g , |e } is then described by the many-body Lindblad equation:
whereΨ e denotes the field operator of an excited atom and the terms involving Γ describe a loss of atoms in the state |e . Herê H is the Hamiltonian of the interacting two-level atoms:
Going onto the rotating frame and making the rotating-wave approximation, the HamiltoniansĤ g andĤ e of ground-and excited-state atoms and the interaction HamiltonianV describing the Rabi coupling between the two atomic levels are given bŷ
where U g,e (x)'s are optical trapping potentials of the ground-and excited-state atoms created by a far-detuned light, g is the strength of the contact interaction between the ground-state atoms, δ = ω L − ω 0 is the detuning, Ω(x) = 2d · E 0 (x)/ is the Rabi frequency with d = e|d|g being the dipole moment, andV +(−) are the coupling terms that cause excitation (deexcitation) of the atoms. Let us introduce the non-Hermitian HamiltonianĤ e,eff of the excited-state atoms bŷ
Then, the time-evolution equation (S1) is written as follows:
In the limit of rapid decay Γ δ, Ω, we can adiabatically eliminate the rapidly evolving excited states and obtain the effective dynamics of the ground-state atoms. We achieve this by solving Supplementary Equation (S7) using the second-order perturbation theory with respect to weak couplingV [8] . As shown below, the resulting time-evolution equation for the ground-state
FIG. S1. Energy-level diagram of an atom. The excited state |e has the frequency ω0 relative to the ground state |g and fast decay modes with the total decay rate Γ. A weak near-resonant light with the Rabi frequency Ω and detuning δ creates an effective imaginary potential for the ground-state atom, provided that Γ is much larger than the spontaneous decay rate from |e to |g . atoms is given by Supplementary Equation (S28), and it reduces to the effective non-Hermitian dynamics (S33) with the effective Hamiltonian (S29) when the postselection is implemented.
To perform the perturbative analysis, we work in the interaction picture, where the density matrix is given bŷ
and a general operatorÔ is represented bŷ O I (t) = e i(Ĥg+Ĥ e,eff )t/ Ô e −i(Ĥg+Ĥ e,eff )t/ .
We note thatρ I in Supplementary Equation (S8) is not normalized to unity in general. The time-evolution equation (S7) is then simplified toρ
We assume that all the atoms reside in the ground state at t = 0. Then, we decompose the evolving stateρ I (t) into a perturbation series with respect to the weak couplingV I : 
where | · · · | denotes the trace norm. The recursive equations of the first three terms in the expansion (S11) are given bẏ
From Supplementary Equation (S12), we can takeρ
as a time-independent operator. Supplementary Equation (S13) can formally be integrated to giveρ 
To integrate out the excited states and obtain the effective dynamics of the ground-state atoms, we decomposeρ
into the subspaces of the ground-and excited-state atoms. To do so, we introduce the projectionP g onto the ground-state manifold byP g = NP N g , whereP N g denotes the projection onto the subspace spanned by quantum states containing N ground-state atoms only. We also introduce the projectionQ 1 e onto quantum states having a single excited-state atom (and an arbitrary number of ground-state atoms). Then, Supplementary Equation (S14) can be decomposed aŝ
where Supplementary Equation (S17) follows from the fact thatρ (2) I contains, at most, one excited-state atom. We adiabatically eliminate the excited states by integrating out Supplementary Equation (S17): 
Substituting Supplementary Equations (S15) and (S18) into (S16), we obtain 
Here, in the second line in Supplementary Equation (S19), the terms proportional toV IVIρ We then perform the integration in the first line on the right-hand side of Supplementary Equation (S19) and obtain
Γt /2Q1 eV+Pgρ (0) I + H.c.
where we use Supplementary Equations (S21), (S22), and the relationsP gρ The last line in Supplementary Equation (S19) can then be calculated as
where we use Supplementary Equations (S24) and (S25) andP gρ
I in the second line. To derive the last line, we use the following relationP
From equations (S19), (S23), (S26) andP gρ
IP g = 0, the effective time-evolution equation of the ground-state atoms is obtained as
where we go back to the Schrödinger picture and introduce the density matrixρ g projected onto the ground-state manifold bŷ
The non-Hermitian Hamiltonian (S29) describes the effective dynamics of the system when we postselect realizations in which no quantum jumps occur, i.e., no atoms escape from the ground state [32] [33] [34] . To clarify this point, let us assume that N ground-state atoms are initially prepared, i.e.,P
where we use P N g ,P g = 0. From Supplementary Equations (S28) and (S31), we can in particular show that, during the course of the time evolution,P N +1
(S32)
Let us now consider the dynamics of the postselected systemρ
, where the dynamics is conditioned such that no atoms are lost from the initial state. Using Supplementary Equations (S28) and (S32), we can show that the dynamics of the postselected systemρ 
Some remarks are in order here. First, an imaginary potential −i|Ω(x)| 2 /(2Γ) in Supplementary Equation (S29) arises from the second-order process of a virtual excitation and de-excitation of the ground-state atoms (see Supplementary Equation (S23)). Since no atoms are lost in this process, the non-Hermitian contribution exists even when we do not observe actual losses of atoms. Physically, such a contribution originates from the measurement backaction associated with continuous monitoring of the population of atoms in the excited state [32] . Second, we note that the expression of the imaginary potential indicates that the loss rate of atoms from the ground state is suppressed by a factor of Ω/Γ for large Γ. In particular, in the limit of Γ → ∞, the dynamics reduces to the Hermitian evolution governed byĤ g . This limit can be interpreted as the quantum Zeno dynamics, where the strong measurement confines the dynamics into the decay-free subspace and the time-evolution obeys the effective "Zeno" Hamiltonian. In our model, such a Hamiltonian is given byĤ g =P gĤPg , where the total HamiltonianĤ is projected onto the decay-free, ground-state manifold. In a general case of a strong but finite Γ, we need to perform careful perturbative analyses to obtain the correction terms beyond the quantum Zeno dynamics, as we have conducted above.
We are now in a position to derive the PT-symmetric Hamiltonian. We consider a system confined in a one-dimensional (1D) optical trap, and assume that the system is subject to a real shallow periodic potential (optical lattice), U (x) = V r cos(2πx/d), which can be created by a far-detuned off-resonant light. Here V r is the lattice potential which is controlled by changing the intensity of the light, and d = λ/2 is the lattice spacing. We then superimpose the near-resonant standing-wave light discussed above with the displacement of d/4. We thus have E 0 (x) = E 0 cos(kx − π/4) with k = 2π/λ. From Supplementary Equations (S3) and (S29), the resulting Hamiltonian is obtained aŝ
where we drop the subscript g and introduce
Here we redefine the interaction parameter g by incorporating the renormalization factor due to the 1D confinement and ignore the constant term −iV i N proportional to the total number of atoms. This constant term is irrelevant in the postselected dynamics here because it is cancelled upon the normalization of the quantum state. The effective Hamiltonian (S34) satisfies PT symmetry because the potential satisfies the condition V (x) = V * (−x). While we here assume that the wavelengths of the lasers creating the real and imaginary potentials in Supplementary Equation (S35) are the same, this assumption can be well met because the detuning required for the real potential causes only a negligible shift in λ, as detailed later.
Finally, we derive the low-energy effective theory. An interacting 1D Bose gas as described by Supplementary Equation (S34) without the potential V (x) is described at low energies by the Tomonaga-Luttinger liquid theory [22] :
Hereθ is related to the phase of the bosonic field operatorΨ † (x) = ρ(x)e −iθ(x) , andφ is related to the density operator aŝ
where ρ 0 is the average atomic density. We discuss the perturbative role of the potential term
Since we are interested in the commensurate phase transition, we assume the unit filling ρ 0 d = 1, i.e., one atom per site. By substituting Supplementary Equations (S35) and (S38) into Supplementary Equation (S39) and ignoring fast oscillating terms, we obtainĤ
Defining α r,i ≡ πρ 0 V r,i , we arrive at the PT-symmetric potential term in equation (2) in the main text.
Supplementary Note 2 -Experimental implementation and signatures in ultracold atoms
We here describe detailed experimental signatures of the PT-symmetric system in ultracold atoms. To create an imaginary optical potential, we need to realize atomic levels as illustrated in Supplementary Fig. S1 . The fast decay modes can be realized by choosing (i) appropriate spontaneous emission processes or (ii) light-induced transitions. In the scheme (i), one can use the F = 3 to F = 3 transition (5S 1/2 to 5P 3/2 ) of 85 Rb atoms to create an imaginary potential [43] , where the excited F = 3 state has a decay channel to the F = 2 state. Implementations of complex potentials have also been demonstrated by using other metastable atomic states [42, 44, 45] . The postselection of the null measurement outcomes can be implemented by, e.g., applying the state-selective imaging technique [36] . Here we first load the ground-state atoms into a real optical potential with an accurately estimated number of atoms. Such a preparation has been achieved with the single-site addressing technique in ultracold atomic experiments. Then we ramp up an imaginary potential and let the system evolve in time. When an atom is excited by a weak near-resonant light, it quickly decays into modes other than the original ground state. Thus, the postselection can be realized by applying the state-selective imaging at the final stage of the time evolution, thereby measuring the number of atoms residing in the ground state, and selecting the realizations in which this number is unchanged between the initial and final states. In this way, we can postselect processes with null quantum jump. We note that the experimental fidelity of measuring the atom number with such site-resolved imaging has reached almost unit fidelity. In view of this development, we expect that the postselection process as described above can be performed with near-unit fidelity. We note that various types of postselections have already been achieved owing to the high experimental fidelity [36] .
We next discuss the scheme (ii) that exploits light-induced transitions. Here, the level structures for creating an imaginary potential can be obtained by inducing a fluorescent transition between the excited state and a state other than the original ground state. In this setup, when the ground-state atom is excited, it is quickly lost from an optical potential because the recoil energy due to fluorescent imaging light causes heating of atoms. However, only a few tens of scattered photons are enough for the loss of those atoms and thus creating an imaginary potential. If the resulting loss rate Γ is much larger than both the spontaneous emission rate and the Rabi frequency Ω, we can adiabatically eliminate the excited state and implement an effective imaginary potential [42] . The postselection of the null outcome can be realized, for example, by continuously monitoring the system with quantum gas microscopy. If an atom is excited during the time evolution, it emits photons which can be detected by quantum gas microscopy [16] . Thus, by selecting the events in which no atoms emit photons, the postselection of null quantum jumps (no atomic loss) can be realized. We may also double check the postselection process by performing a projective atom-number measurement at the final stage of the time evolution and ensuring that the atom number stays constant during the time evolution, as described above.
While substantial atomic losses usually lead to experimental difficulties, our theoretical predictions are accessible by using a very weak imaginary potential with which the atomic loss rate can be made arbitrarily small. This is because the key parameter which drives the phase transitions discussed in the main text is the ratio between g i and g r , which is equivalent to the ratio between the amplitudes of the imaginary and real potentials (see Supplementary Equation (S40)), and the imaginary potential required to induce the transition can be made very weak if the depth of the real part of the optical potential is chosen to be sufficiently small. Indeed, such a weak imaginary potential can be implemented in our model since the atomic loss rate is suppressed by a factor of Ω/Γ in the limit of large Γ (see Supplementary Equation (S29)).
Since the depth of the real potential can be made small, and the condition on the Rabi frequency ∆ off > Ω can easily be met owing to the smallness of the optical depth, the only requirement for the detuning ∆ off of the off-resonant light for the real part of the optical potential is ∆ off > Γ. This point validates our assumption that the real and imaginary potentials have the same periodicity. For example, for (i) the spontaneous emission process in 85 Rb or (ii) the light-induced transition in the D2 transition of 87 Rb, Γ is of the order of tens of MHz [43] . Thus, if we set the detuning at ∆ off = 100 GHz, the off-resonant condition is well satisfied, while such a detuning causes a less than 0.1% shift in the optical wavelength.
We finally discuss experimental signatures of the theoretical predictions described in the main text. First, the measurementinduced Berezinskii-Kosterlitz-Thouless (BKT) transition corresponds to a 1D superfluid-to-Mott-insulator transition for ultracold atoms. This is associated with a power-law divergence in the momentum distribution at zero momentum, which can be detected by applying the standard techniques such as time-of-flight imaging. Second, the PT symmetry breaking can be probed by detecting the single-mode lasing dynamics of the system. In the PT-broken region, the system has an excited state whose eigenvalue possesses a positive imaginary contribution; such an excited state would have an exponentially growing amplitude in the time evolution. Thus, after exciting the system through, e.g., shaking of an optical lattice, the system eventually approaches the state having the largest imaginary part of the eigenvalue. Such a single-mode lasing dynamics entails a significant decrease in the entropy of the system, which can be probed from shot-to-shot fluctuations in in-situ imaging of atomic gases [35, 36] . Third, the anomalous variation of the critical exponent shown in Fig. 3 in the main text can be investigated through the analysis of the shot-to-shot noise correlations in density fluctuations of a 1D Bose gas.
Supplementary Note 3 -Preparation of the ground state in the PT-symmetric spin-chain model Let us here discuss how we can study the ground state of the PT-symmetric spin-chain model in the PT-broken regime. When the PT symmetry is broken, some excited eigenstates turn out to have complex pairs of eigenvalues while the ground state remains to have a real eigenvalue (see Supplementary Fig. S2(a)-(d) for typical spectra). In particular, there exist high-lying unstable modes having positive imaginary parts of eigenvalues. As a result, if the system is significantly perturbed and highly excited, the amplitudes of these modes can grow in time and eventually govern the physical properties of the system. This is reminiscent of the phenomenon known as parametric instability or self-pulsing [29] in excition-polariton systems, which in general destroys the off-diagonal quasi-long-range order in 1D Bose systems [30] .
In contrast, our main focus here is on the ground state that sustains the quantum critical behavior. This state is indeed relevant in our setup, where the system is initially prepared in the zero-temperature state of the hermitian Hamiltonian and then the imaginary part of the potential required for the PT symmetry is adiabatically ramped up. We numerically demonstrate in Supplementary Fig. S3 that the system remains in the ground state with almost unit fidelity for a long time interval. Here we consider the spin-chain model (equation (4) Supplementary Methods -Determination of the phase diagram of the lattice model Here we describe in detail the methods for determining the BKT and PT phase boundaries in the lattice model (equation (4) in the main text). We first describe the so-called level spectroscopy method [28] , which has been developed to accurately determine the BKT transition point. The key idea of this method is to relate the low-energy spectrum to the running coupling constants that appear in the renormalization group (RG) equations. Under the periodic boundary condition, the lattice Hamiltonian is invariant with respect to spin rotation about the z axis, translation by two sites, space inversion, and spin reversal. The corresponding conserved quantum numbers are the total magnetization S z ≡ N i=1 S z i , the wavenumber q = 2πk/L (k ∈ Z, L ≡ N/2), the parity P = ±1, and the spin reversal T = ±1. The ground state with energy E g (L) resides in the sector (S z = 0, q = 0, P = T = 1). We denote the second lowest eigenenergy in this sector by E 0 and the lowest eigenenergy in the sector (S z = ±4, q = 0, P = 1) by E 3 . Near the BKT transition line, these excitation energies satisfy [28] 
where δ ≡ K − 2, g ≡ g 2 r − g 2 i , and the logarithmic RG scale l is related to the system size L via e l = L/π. At the lowest order of the RG flow equation (3) in the main text, the boundary of the BKT transition corresponds to δ = 2g . Since E 0 = E 3 is equivalent to this condition, the BKT transition point is determined from the crossing point of these two energy levels. In our model, this corresponds to the crossing of the levels shown as the red dashed line and the blue solid line in Supplementary  Fig. S4 . In numerical calculations, we obtain the excitation energy of the energy level (S z = ±4, q = 0, P = 1) by multiplying that of the level (S z = ±1, q = 0, P = 1) by a factor of 16 to minimize a change in the field-theory parameters due to an increase in the total magnetization S z in finite-size systems. We note that, even though we consider a non-Hermitian model here, the level spectroscopy method is applicable because the BKT phase boundary is entirely within the PT-unbroken region and the low-energy spectrum is thus equivalent to that of the sine-Gordon model as proved in the main text. We calculate the transition point for different system sizes ( Supplementary Fig. S4(a)-(c) ), and extrapolate it to the thermodynamic limit to determine the BKT transition point ( Supplementary Fig. S4(d) ). Since −∆ = cos(π/2K) for h s = γ = 0 and the BKT transition occurs near K = 2, our analysis focuses on a region around −∆ = cos(π/4) = 1/ √ 2. The PT threshold is determined from the first coalescence point in the low-energy spectrum. To confirm that the identified point indeed represents an exceptional point of the spectrum, we plot the square of the energy difference (δE) 2 and test the square-root scaling of δE which appears when an exceptional point is formed by the coalescence of two eigenstates [8] (see insets in Supplementary Fig. S4(a)-(c) ). We then perform a linear fit to the (δE)
2 -γ plot and identify the PT threshold γ P T for different system sizes. Finally, we extrapolate it to the thermodynamic limit and determine the PT symmetry breaking point ( Supplementary Fig. S4(d) ). Here the three lowest excited levels in the (S z = 0, q = 0, P = T = 1) sector (red, green, and yellow curves from the lowest), and the lowest excitation energy in the (S z = ±4, q = 0, P = 1) sector (blue curve) are plotted. The Berezinskii-Kosterlitz-Thouless (BKT) transition point corresponds to the crossing point of the two energy levels in (S z = 0, q = 0, P = T = 1) (red) and (S z = ±4, q = 0, P = 1) (blue). The PT transition point corresponds to the first coalescence point of two low-energy levels (e.g., red and green), which is confirmed to be an exceptional point of the spectrum by testing the square-root scaling of the energy difference δE between the two coalescing levels (inset). (d) The PT threshold (γP T ) and (e) the BKT transition point (γBKT) are determined by extrapolating finite-size data to the thermodynamic limit.
